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Abstract 
A closed 2-cell embedding of a graph embedded in some surface is an embedding such that 
each face is bounded by a circuit in the graph. The closed 2-cell embedding conjecture says that 
every 2-connected graph has a closed 2-cell embedding insome surface. In this paper, we prove 
that any 2-connected doubly toroidal graph G has a closed 2-cell embedding insome surface. As 
a corollary, such a graph has a cycle double cover; i.e., G has a set of circuits containing every 
edge exactly twice. 
1. Introduction 
The closed 2-cell embedding (called strong embedding in [5, 6] and circular embed- 
ding in [8]) conjecture says that every 2-connected graph G has a closed 2-cell 
embedding in some surface, that is, an embedding in a closed compact 2-manifold in 
which the boundary of each face is a circuit in the graph. Since the existence of a closed 
2-cell embedding of any 2-connected graph implies the existence of a cycle double 
cover of this graph, it can be also viewed as a topological approach to the cycle double 
cover conjecture [5] and has attracted more and more attention. 
It is well known that the sphere embedding of any 2-connected planar graph is 
a closed 2-cell embedding. Negami [7], and independently Robertson and Vitray [9] 
showed that every 2-connected projective planar graph has a closed 2-cell embedding, 
either in the sphere or in the projective plane. For a cubic graph, the existence of 
a cycle double cover is equivalent to the existence of a closed 2-cell embedding. Hence 
every cubic graph which has a cycle double cover also has a closed 2-cell embedding. 
For example, Alspach and Zhang [1] proved that a 2-connected cubic graph, without 
the Petersen graph as a minor, has a cycle double cover. Recently, Zhang [11] has 
shown that every 2-connected graph, without Ks as a minor, has a closed 2-cell 
embedding in some surface. Robertson and Zha [10] have shown that every 
2-connected graph, without Vs (the 4-runged 'Mobius ladder', or a 8-circuit with each 
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pair of antipodal vertices joined by an edge) as a minor, has a closed 2-cell embedding 
in some surface. 
A weaker conjecture (which also implies the cycle double cover conjecture) is 
edge-strong embedding conjecture (called the unitary embedding in [4-]). Let ~u be an 
embedding of a graph G. An edge e is said to be a monofacial edge of kg if it belongs to 
the boundary of only one face of ~. An edge-strong embedding is defined to be an 
embedding which has no monofacial edges, but which allows repeated vertices. 
A graph G is called an evenly spanned graph if it has a spanning subgraph H such that 
every vertex of H has even degree and every component of H has an even number of 
vertices, each of which has odd degree in G. Archdeacon [2] proved that every evenly 
spanned graph has an edge-strong embedding in an orientable surface. A graph is 
called k cross-caps embeddable if it can be embedded in the surface of the sphere with 
k cross-caps. Huneke et al. [4] proved that any 2-edge connected graph which is 
3 cross-cap embeddable has an edge-strong embedding in some surface. Robertson 
and Vitray 1-9] had hoped to gain insight into closed 2-cell embeddings by considering 
the embeddings ofplanar graphs into surfaces other than the sphere. Richter et al. 1-8-1 
proved that every 3-connected planar graph has a closed 2-cell embedding in some 
surface other than the sphere; also they characterized those planar graphs which have 
this property. 
The purpose of this paper is to approach the closed 2-cell embedding conjecture by 
considering the surfaces with a small number of handles. We will prove that if G is 
a 2-connected graph, that has the torus or the double torus as its orientable surface, 
then G has a closed 2-cell embedding in some surface. Namely, the closed 2-cell 
embedding conjecture is true for doubly toroidal graphs. As a corollary, every 
2-connected doubly toroidal graph has a cycle double cover. 
2. Notation and some operations 
Let ~u be an embedding of a 2-connected graph G (loops are not allowed) in some 
surface. We will identify the graph and the point-set of its image of the embedding. The 
Euler characteristic ofan embedding ~u is denoted by ~(~g). Let f be a face of ~. The 
boundary t~f of a face f is a subgraph of G. I f f  is homeomorphic toan open 2-cell (i.e., 
an open 2-disk), then following the circular order of the open disk f this subgraph df is 
traced out by a closed walk in G, unique up to rotations and reversal of direction, 
called the facial walk of f. A monofacial edge e is consistent if that edge is traversed 
twice in the same direction in the facial walk, otherwise, it is inconsistent (all mono- 
facial edges in any orientable mbedding are inconsistent). Similarly, a vertex v is said 
to be a multiple vertex of a face f if it appears more than once in the facial work of 
some face f. If a multiple vertex appears only twice in a facial walk, it is called a double 
vertex. Let v be a double vertex of a face f. Split v into two vertices vl and v2 joined by 
a new edge e' = vlv2 such that e' is a monofacial edge off ' ,  where f is the new face 
obtained from f by splitting the vertex v. We define consistent and inconsistent double 
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vertex v of f  according to the consistency ofe'. Let f, g be two faces. I f0 fn  0g # 0, we 
say f and g are attached. If ~ is a closed 2-cell embedding, then 0f n 0g is the union of 
connected components, where each component is either a common edge, a path with 
internal vertices being divalent vertices of G, or a common vertex. Denoted by 
l] t~f n 0g I] the number of connected components of 0f n 0g. If ]10f/n 0f/+ 1 ]1 = k, we 
say the faces f and g have k attachments. 
In this paper, we need to use the 'rotation scheme' to describe some embeddings. 
One of the descriptions of a rotation scheme, called a rotation projection, is demon- 
strated as follows: Let G be a connected graph. Let O(G) be a plane drawing of G such 
that edges are allowed to cross each other a finite number of times. At each vertex v, all 
edge incidences form a clockwise dge rotation order. An edge is called twisted if it is 
marked with an x. Each edge has two sides and these two sides are called edge-sides. 
If an edge is twisted then its two sides are also twisted. A rotation system determines 
an embedding of G, where a facial walk is given by a closed edge-sites equence 
obtained by tracing edge-sides from one edge-side to another according to the edge 
rotation at each vertex. The facial walk in a rotation projection is traced as follows. 
Choose an initial vertex Vo of G and a first edge et incident with Vo. Let vl be the other 
endvertex of ea. The second edge e 2 in the facial walk is the next edge of el at tq, in 
clockwise rotation ife~ is an edge without an × or in counterclockwise rotation ife~ is 
an edge with an ×. In general, when tracing a facial walk an edge with an x changes 
the rotation direction at the next vertex, and an edge without an × preserves 
the rotation direction at the next vertex. To visualize this facial walk tracing proced- 
ure it is equivalent o say that the facial walk crosses an edge from one edge-side 
to the other when this edge has an x on it. By closed edge-sides sequence we mean 
the tracing of edge-sides terminate when the same pair of edge-sides repeats. 
More detail of rotation schemes (rotation projections) can be found in Gross and 
Tucker [3]. 
Let x and y be two vertices of G. A face chain C = (fl,f2 ..... f,) which joins x and 
y is a sequence of faces of ~ such that 0 f /n  0f/+~ :/: 0, for i =- 1,2 ... . .  n -  1 and 
x e 0fl, y e Of,. A face chain is called simple if, for i ~: j, Of n 0f~ :~ O implies that 
l i - J l = 1. A simple face chain is called strong if f /and f/+ ~ only have one attachment, 
for i = 1 ..... n - 1. Let J~ denote the closure off/. Hence J~ =f /u  Of/. 
Let ~ be a closed 2-cell embedding of G in _r and C be a face chain joining the 
vertices x and y. The following are true: 
(1) Any face chain joining x and y contains a simple sub-face chain which also joins 
x and y. 
(2) If C = (f~,f2,...,f,) is a strong face chain, then Ui~c~ is simply connected. 
Therefore A = S -  u J~ is still connected. For any u,v E V(G)n A, we can find 
a simple face chain in A joining u and v. 
(3) If G is a topologically 3-connected planar graph and ku is its combinatorially 
unique plane embedding, then any two faces have at most one attachment. Therefore 
any simple face chain is strong. 
To prove our main theorem, we need the following 5 operations. 
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Operation 1. Let qJ be an open 2-cell embedding of G in Z and e = xy be a consistent 
monofacial edge with facial walk xeyPlxeyP2. By viewing the local embedding as 
a rotation projection and placing an x on the edge e, we obtain an embedding ~ '  in 
a surface S'. The facial walk xeyPlxeyP2 in ~P is divided into two facial walks xeyP~ 
and xey P2 in q~', with all other facial walks unchanged and the number of monofacial 
edges is decreased. Hence Z(X') = Z(Z) + 1. The edge e is no longer a monofacial edge 
in 7 j'. Similarly, if v is a consistent double vertex of a face f (so that v appears in this 
facial walk twice), and ab...cd...a is the rotation of all the edges at v with a, b, c, d ~ Of, 
we construct a new embedding ~ '  in a new surface X', by placing an × on each edge 
from b to c in counterclockwise order. Again the original facial walk is divided into 
two facial walks, while all the other facial walks remain unchanged, and 
~(Z') = ~(S) + 1. Hence we obtain a new embedding of G with fewer double vertices. 
The change of rotation projection is shown in Fig. 1. If an edge has an x on it 
originally, after adding another ×, it becomes an ordinary edge. 
The next operation is similar to the one above except hat the edge (vertex) is not 
monofacial (double). 
Operation 2. Let q~ be an open 2-cell embedding of G in S and fl  ,f2 be distinct faces of 
7 j such that 0fl c~ 0f2 :~ 0. Choose a connected component of 0fl n 0f2. If this 
attachment is an edge e or a path P, insert a cross-cap in the middle of e (or P); if this 
attachment is a vertex v, and ab...cd...a is the rotation of all edges at v with a,b eOft 
and c,d ~0f:, insert a cross-cap near v and let the edges b ..... c pass through the 
cross-cap. In the rotation projection, we put an × on each edge which passes through 
the cross-cap. The rotation scheme is similar to the one in Fig. 1. 
The following operation is basically from [-4] but here we also allow the attach- 
ments of two consecutive faces to be vertices. 
Operation 3. Let V be a closed 2-cell embedding of G in S and x, y be nonadjacent 
vertices of G. Let C = (fl,f2 ..... f,) be a simple face chain joining x and y. For 
i = 1 ... . .  n - 1, choose an attachment of f~ and f~+ 1, and apply Operation 2 on this 
attachment. Draw a new edge xy through these cross-caps to obtain an embedding ~ '  
Fig. 1. 
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of G + = G u {xy} in a new surface _r', where Z(2;') = Z(- r)  - n + 1. The faces f~, ...,.f, 
of 7' have turned into two faces gl and g2 of 7", while the other faces of 7" remain 
unchanged. The rotation scheme is shown in Fig. 2. If T is an oriented embedding 
(which our case is), then the o on the edge xy  means an x if n is even, and zero 
x otherwise. 
Remark. (1) If T is a closed 2-cell embedding and if the face chain is strong or 
Operation 3 does not create inconsistent monofacial edges (or double vertices), then 
7" is also a closed 2-cell embedding. Furthermore, if x and y are not on the boundary 
of the same face of q', then the embedding obtained by contracting the edge xy  in T '  is 
also a closed 2-cell embedding. 
(2) The embedding T '  is nonorientable. This can be verified by checking the 
relative orientation of the faces ,ql and gz. The faces g~ and g2 have at least 
n attachments, the edge xy  and all the attachments off~ and f~ + ~ in the face chain C for 
i = 1 ... . .  n - 1. The relative orientation of gl and g2 at the edge xy  is different from 
the rest of the attachments. 
Operation 4. Let T be a closed 2-cell embedding of G in S, x,y and u, v be distinct 
pairs of nonadjacent vertices of G. Let G ÷ = G w {xy, uv}. Suppose C1 is a simple face 
chain joining x and u, C2 is a simple face chain joining y and v, and no face of C~ is 
attached to a face of C2. For every two consecutive faces in C~ and C2, choose an 
attachment, apply Operation 2, and then draw the edges xy  and uv according to the 
rotation scheme shown in Fig. 3. The meaning of the o on the edge xy  is the same as in 
Operation 3. Similar remarks to those for Operation 3 hold here. 
Operation 5. Let T be a closed 2-cell embedding of G in a surface S and x, y, z ~ V(G), 
with no two of these vertices on the boundary of the same face. Let C1 be a simple face 
chain joining x and y and C2 be a simple face chain joining z and a vertex of C1 (if z is 
on the boundary of a face in C1 then C2 is degenerate). Let u be a new vertex, ux, uy, uz 
be three new edges, and G + = G w {u, ux, uy, uz}. Choose an attachment edge e (or 
vertex v) from C~ ~ C2. Then there is a face f of C1 with e (or v) c c~f. Place the new 
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vertex u in the face f For any two consecutive faces in the face chains C1 and C2, we 
choose an attachment, apply Operation 2 and then draw the new edges ux, uy and uz 
through these cross-caps. The rotation scheme is shown in Fig. 4. The o on the new 
edge ux means an x if the number of edges with x 's  in the segment of the facial walk 
between x and f is odd, or zero x otherwise. The o's on the other edges uy and uz are 
defined similarly. 
3. Some lemmas 
Lemma 1. Let G be a 2-connected graph, and x, y be nonadjacent vertices of G. Let G + 
be the graph obtained from G by adding the edge xy. I f  G has a closed 2-cell embedding in
some orientable surface, then G + has a closed 2-cell embedding in some surface. 
Remark. If x and y are not on the boundary of the same face of the embedding of G, 
then the embedding obtained by contracting the edge xy in the embedding of G ÷ is 
also a closed 2-cell embedding. 
Proof. Let 71 be an orientable mbedding of G. The theorem is trivially true if x and 
y are on the boundary of the same face. 
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Now suppose x and y are not on the boundary of the same face of ~. We choose 
a simple face chain that joins x and y and then apply Operation 3 to obtain a new 
embedding 7/,. All the faces in the chain, together with the new edge xy, have turned 
into two faces 91 and 92 of ~',  while all the other faces remain unchanged. Our only 
concern is whether the facial walk of gl (92) is a circuit or not. If not, suppose that gl 
has monofacial edges (or double vertices). Since the face chain is simple, these 
monofacial edges and double vertices must be connected components of common 
boundary of two consecutive faces, say f~ and f~ + 1. By the construction, the part of the 
facial walk of gl from f~ to f~+ 1 only crosses one cross-cap. Since 7 ~ is in an orientable 
surface, the two sides of this edge (vertex) have opposite directions. So the monofacial 
edge (double vertex) in gl is consistent, and by applying Operation 1 we separate the 
facial walk gl into two facial walks and obtain a new embedding ~u". We notice that if 
there are other consistent monofacial edges or double vertices in the facial walk of gl, 
then after we apply Operation 1, either they are not monofacial edges (double vertices) 
or they remain consistent in ku". Hence, we may repeat his process until we obtain 
a closed 2-cell embedding. [] 
Lemma 2. Let G be a topologically 3-connected planar graph and x, y, z ~ V(G). Let G + 
be the graph obtained from G by adding a new vertex u and three new edges ux, uy and uz. 
Then there is a closed 2-cell embedding of G + in some surface. 
Remark. From the obtained embedding of G + we may also obtain closed 2-cell 
embeddings by performing any of the following: (1) contracting one of the edges 
ux, uy or uz; (2) contracting the edges ux and uy if x and y are not on the boundary of 
the same face of 7 ~, where 71 is the combinatorially unique plane embedding of G; 
(3) contracting the edges ux, uy and uz if no two of x, y and z are on the boundary of 
the same face of 7/. 
Proof. Let tp be the combinatorially unique plane embedding of G. 
If x, y and z are on the boundary of the same face, place the vertex u in that face and 
draw the edges ux, uy and uz in that face. 
If only x and y are on the boundary of the same face, add in path xuy in that face 
and add uz using Lemma 1. 
If no two of x, y, z are on the boundary of the same face, choose a simple face chain 
CI = (fl ...... f,) that joins x and y. If z is on the boundary of a face in chain C1, we 
apply the degenerate form of Operation 5 (the degenerate form of Operation 5 means 
that z is on the boundary of the face chain joining x and y, or z is a divalent vertex 
which is an internal vertex of an attachment path). If z is not on the boundary of any 
face in C1, then since G is topologically 3-connected, any two faces have at most one 
attachment. So u J~ is contractible and A = _r = w J~ is connected. Therefore we can 
find a strong simple face chain Ca = (gl . . . . .  gin) in A to join z and C1. By minimizing 
the sum of the lengths of C1 and Ca, the face chains C1 and C2 can be chosen such that 
gm meets at most two consecutive faces in C 1, say f- and f~ + i. If gm meets C1 only at f~, 
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we apply Operation 5 and obtain a closed 2-cell embedding. Ifg,, meets C1 at both f/ 
and f/+l, applying Operation 5 may create an inconsistent monofacial edge (or 
a double vertex). In order to prevent this, we must carefully choose a suitable 
attachment between g" and C~ to apply Operation 5. 
Case 1: SO., c~ 8f/and 8g,, n 0f/+1 are disjoint. 
We know that 0f/-1 ca 0f/and 0f/c~ 0f/+1 separate 0f/into two sections P1 and Pz, 
and Ogre- ~ n Og,, and 0g., c~ 0f/ separate Og., into two sections Q1 and Qz. Since 
Og., ca 0f/+ ~ can be obtained either in Q1 or Q2 and P~ or Pz, we have four subcases, as 
illustrated in Fig. 5(a). Choose the attachment Og., ca Of~ + ~ for the first of these four 
subcases (as shown in Fig. 5(a)), and choose the attachment Og" ca Of~ for any of the 
remaining three subcases to apply Operation 5. It is easy to check that no inconsistent 
monofacial edge (double vertex) will be created. 
Case 2: 0g., ~ 0f/ca 0Jl + l :# 0. 
If this happens, then 0f/, 0f/+ ~ and 0g., will meet at a single vertex v. Without loss of 
generality, we may assume 0f/~ 0f/+1 = 0g., c~ Of/= 09,. c~ 0f/+1 = {v}, since 
the cases that some of these attachments are edges or paths are actually easier than 
the case of vertex attachment. The change of the rotation projection is shown in 
Fig. 5(b). 
Thus Lemma 2 is true. [] 
i ,*" --- ~x . . . . .  "I • 
C ~  __~ II I Iz ,[ X~I  fi 
fi I I [ ~' m" - ' - " '~  f|+l 
f +1 C -.. ) 
× X 
f i+ l  "~ 
i i  +1 
"g I )  ( - 
(8) 
X X 
w g g 
(b) 
Fig. 5. 
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To prove the next lemma, we need the following definition. Let G be a 3-connected 
graph. A 3-vertex separation is trivial if it separates the graph into two subgraphs with 
one of them as the complete bipartite graph K 1,3. Suppose G has a nontrivial 3-vertex 
separation, say G = G1 w G2, G1 c~ G2 = {x, y, z I c V(G), we separate G at x, y and z, 
add a new vertex Ul (u2) and three new edges u~x, uly, ulz to GI (u2x, u2y, u2z to G2, 
respectively). This surgery may increase the genera of the resulting graphs. We call 
such a 3-vertex separation good if the genera of the resulting graphs are not greater 
than the genus of the original graph. 
Lemma 3. Let G be a 2-connected planar graph and x,y,u, ve  V(G). Let G + be the 
graph obtained from G by adding two new edges xy and uv. Suppose G + is 3-connected, 
the orientable genus surface of G + is the double torus and G + has no good 3-vertex 
separations. Then there is a closed 2-cell embedding of G + in some surfi~ce. 
Remark. If x and y (u and v) are not on the boundary of the same face of T, then the 
embedding obtained by contracting xy (uv) is still a closed 2-cell embedding. 
Proof. We try to find two distinct (may have attachments) imple face chains, one 
joining x and y, and the other joining u and v, and then apply Operation 3. Without 
loss of generality, we may assume x and y (u and v) are not on the boundary of the 
same face. 
Case 1: G is topologically 3-connected (with possible divalent vertices). 
Let 71 be the unique plane embedding of G. Choose a simple face chain 
C1 = (]~ ..... f ,)  joining x and y. 
If neither u nor v is a divalent internal vertex of a path which is an attachment of 
C~, we can choose a simple face chain C2 from A = Z - wf  to join u and v. This is 
because any two faces in T have at most one attachment, the simple face chain C1 is 
contractible, and A is connected. By applying Operation 3 on C1 and C2 separately, 
we obtain a closed 2-cell embedding of G +. 
If u is a divalent vertex that is an internal vertex of an attachment path P of C1 with 
P = ~fi ~ •]i + 1, and v is not, we choose a simple face chain in A, which together with 
f~ forms a simple face chain C2 joining u and v. We then choose a simple face 
chain C3 in B = Z - C2 to join x and y, and apply Operation 3 to C2 and C3. 
If both u and v are divalent vertices and are internal vertices of attachment paths P1 
and P2 of C1, respectively, we choose a subface chain from C1 that joins u and v, and 
a simple face chain from the remaining part of S that joins x and y, and then apply 
Operation 3. 
Case 2: G has nontrivial 2-vertex cuts. 
Since G + is 3-connected, the orientable genus surface of G + is the double torus and 
G is planar, G can have at most one nontrivial 2-vertex cut (or else there is a good 
3-vertex separation of G +), and if there is such a 2-vertex cut, then x, u must be in the 
same 3-component and y, v must be in another 3-component. Choose a simple face 
chain C~ to join x and y, without using the unbounded face. 
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If neither u nor v is a divalent vertex of a path which is an attachment of Ca, or both 
u and v are on the boundaries of the same faces in Ca, respectively (including the cases 
that u and/or v are divalent vertices of attachment paths of C1 ), the proof is similar to 
those in Case 1. 
If u is on the boundary of some face in Ca and v is not, extend C1 to v in the 
3-component which contains y and v, to form a simple face chain C2 joining x and v. 
The order of the appearance of these four vertices in C2 is x, u, y and v. The face 
chain C2 contains two subface chains, one joining x and u, and the other joining y 
and v. These two sub-face chains are not attached to each other. We now apply 
Operation 4 to obtain a closed 2-cell embedding of G ÷ Thus the lemma is 
true. [] 
Lemma 4. Let G be a 2-connected planar graph and x, y, u ~ V(G). Let G + be the graph 
obtained from G by adding two new edges ux and uy. Suppose G ÷ is 3-connected, the 
orientable genus surface of G + is the double torus and G ÷ has no good 3-vertex 
separations. Then there is a closed 2-cell embedding of G + in some surface. 
Proof. This proof is quite similar to that of the previous lemma. Hence we 
will only show the parts of the proof that were not covered by the proof of that 
lemma. 
Let ~g be a plane embedding of G. Once again we attempt o find two simple face 
chains that join u, x and u, y, respectively. We will first find a simple face chain Ca 
that joins u and x. If y is not an attachment vertex, or an internal divalent vertex 
of an attachment path of Ca, we can find another simple face chain C2 that joins u 
and y. By discussing the 3-connected and 2-connected cases, we can prove this 
case as we did previously. If y is an attachment vertex or an internal vertex of an 
attachment path, we can form three new simple facial walks from Ca and the edges ux 
and uy. The rotation scheme is shown in Fig. 6. The o's on the edges ux and uy 
represent an x or not, depending on the parity of the number of x 's  in the new 
facial walk. For the case of an attachment path, which is subdivided by x, the part 
of the path that will have an x on it is also determined by the parity of the number 
of x's. [] 
U U 
" } c 1 _x ( 
, C ~ 
--y y 
Fig. 6. 
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4. The main theorem 
We begin this section by making some reductions. Since we are only able to deal 
with the doubly toroidal graphs, when we make reductions we have to be careful not 
to increase the genera of the surfaces in which the resulting raphs will be embedded. 
First of all, we can assume that G is simple, because if we have a closed 2-cell 
embedding of G, we can subdivide the faces by multiple edges and still obtain a closed 
2-cell embedding. 
Next, if G has a nontrivial 2-vertex separation, say G = GI w G2, G1 c5 G2 = 
{x, y} c V(G), we may separate G at x and y and add a virtual edge e to G1 and G2. 
This will not increase the genera of the resulting graphs. If we have closed 2-cell 
embeddings of G1 and G2 in the surfaces Zl and 2?,2, respectively, we may remove the 
edge e from Z1 (Z2) by cutting off a thin disk around e and then identify two 
boundaries (the connected sum of Z1 and 272). The resulting embedding is also 
a closed 2-cell embedding. 
Now we look at all nontrivial 3-vertex separation. For all good 3-vertex separ- 
ations, we perform (in turn) the 3-separation reduction mentioned before Lemma 3 in 
Section 3. If we have closed 2-cell embeddings for both G1 w {ul,ulx, uly, ulz} and 
G2 w {u2, u2x, u2y, u2z} in the surfaces 271 and 272, respectively, then we can obtain 
a closed 2-cell embedding of G by removing the vertex ul and edges UlX, Uly, UlZ 
(u2,u2x, u2y, u2z, respectively), and forming a connected sum of 27~ and Z2. When 
forming the connected sum, we must observe whether the respective orders of x, y and 
z on the boudaries of disks in 271 and 2:2 match each other or not. If they do not match, 
we can rectify this discrepancy by taking the mirror embedding in 272. 
Before we prove our main theorem, we need two properties proved by Robertson 
and Vitray [9]. 
An embedding ~, of a graph G in a surface 2: that is not the sphere, is 
p-representative if, for every noncontractible simple closed curve F in 27, 
IF nG(~U)[ >~p. An open 2-cell embedding is an embedding such that all 
the faces are homeomorphic to the open disk. Robertson and Vitray have the 
following results. 
Proposition 1. An embedding ~ is an open 2-cell embedding ifand only if p(tY) >~ 1 and 
G(~) is connected. 
Proposition 2. An embedding ~ is a closed 2-cell embedding ifand only/fp(h u)/> 2 and 
G(7 j) is 2-connected. 
If an embedding ~Y is 1-representative but not 2-representative, then by the above 
two propositions, we can find a noncontractible simple closed cure F in Z, such that 
F meets the graph G only once. Without loss of generality, we can assume that F meets 
G at a vertex. We call this vertex the intersecting vertex (of F and G). 
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Main theorem. I f  G is a 2-connected doubly toroidal graph, then G has a closed 2-cell 
embedding in some surface. 
Corollary. I f  a graph satisfies the hypotheses of the above theorem, then that graph has 
a cycle double cover. 
Proof of the main theorem. By the reductions given at the beginning of this section, we 
may assume that G is simple, 3-connected and without any good 3-vertex separation. 
If G is a planar graph, then by the well known result, G has a closed 2-cell 
embedding in the sphere. 
If the orientable genus surface of G is the torus, then let ~ be a toroidal embedding 
of G. If p >/2, then the theorem is true by Proposition 2. Since the torus is the 
orientable genus surface of G, it implies that p -~ 0. Therefore p = 1. By definition, 
there exists a noncontractible simple closed curve F which meets G only at a single 
vertex x. F must be nonseparating since the surface is the torus. Now we cut the torus 
along F, and by pasting two disks to the two boundaries of this cut, we obtain a new 
graph that is embedded in the sphere. The vertex x is split into two vertices. We call 
these two vertices the counterpart(s) of x and denote them by x and y. If the cut causes 
a pendant edge, we delete that edge and denote the other end of that edge as y. Let 
H be the new graph and x and y be the two counterparts ofthe intersecting vertex. H is 
planar and at least 2-connected since we assume G is 3-connected. By Lemma 1, 
H w {xy} has a closed 2-cell embedding in some surface. If the cut causes a pendant 
edge, then H w {xy} = G. If the cut does not cause a pendant edge, since the torus is 
the orientable genus surface of G, we know that x and y are not on the boundary of the 
same face in the resulting plane embedding of H. Therefore, we can contract edge xy to 
obtain a closed 2-cell embedding of G. Hence the theorem is true in this case. 
If the minimum orientable surface of G is the double torus, then let ~ be a doubly 
toroidal embedding of G. I fp ~ 2, the theorem is true. Since p ~ 0, we can assume that 
p = 1. By definition, there exists a noncontractible simple closed curve F which meets 
G only at a single vertex x. Since G is 3-connected, F must be a nonseparating simple 
closed curve. We proceed as before. Cut the double torus along F, paste two disks to 
the two boundaries of this cut, and we obtain a new graph embedded in the torus. If 
the cut causes a pendant edge, we delete that edge. Let H be the new graph and x and 
y be the two counterparts of the intersecting vertex. If the resulting embedding of H in 
the torus is 2-representative, then by Lemma 1, we can find a closed 2-cell embedding 
of H ~ {xy}. By the orientable genus surface assumption, x and y are not on the 
boundary of the same face, or we may embed G in a torus. Therefore we may contract 
edge xy, if needed, and the resulting embedding would still be a closed 2-cell 
embedding. Hence G has a closed 2-cell embedding. 
If the embedding in the torus is 1-representative, then there exists a nonseparating 
simple closed curve F~ which meets H only at a single vertex u. We cut the torus along 
F~, delete the pendant edge, if any, and obtain a new graph K that is embedded in the 
sphere. Let the counterparts of the intersecting vertices x and u be x,y and u,v, 
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respectively. If u = x or u = y, then we may assume that u = y and that we have x, u 
and v as their counterparts.  If the plane embedding of K has no cut vertex, then by 
Lemma 3 (or Lemma 4), K u {xy, uv} (or K ~ {xu, uv}) has a closed 2-cell embedding. 
In the resulting plane embedding of K, x and y (as well as u and v) are not on the 
boundary  of the same face. Therefore we can, by contracting an edge(s), if necessary, 
obtain a closed 2-cell embedding of G. If K has a cut-vertex z, then the vertices x, u and 
z form a 3-vertex separation in G. Let K = K1 u K2 with K1 c~ K2 = {x,u,z}. It is 
easy to see that this 3-vertex separation of G is good (by sending back two handles to 
the sphere). Therefore, by the good 3-vertex separation reduction, this 3-vertex 
separat ion is trivial. Hence, one side of this 3-vertex separation, say K1, must be K L3. 
K 2 is p lanar as it is a subgraph of K. Since G has no good 3-vertex separation, Kz 
must be topological ly 3-connected. Now by Lemma 2, we can obtain a closed 2-cell 
embedding of G. This completes our proof. F2 
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